Abstract-
Introduction
Enveloping or power grasp [l] , [2] , [3], [4] allowing multiple contacts to an object distributed along multiple limbs is an alternative way to grasp/manipulation of the object .
This style of manipulation provides robustness of grasp, or capability of firmly grasping against possible disturbance wrenches [5] even with a fixed joint torque, as contact forces at these multiple contacts compensate the effects of the disturbance wrench naturally. Since the formulation of force distribution problem for envelopi.ng grasps [ 3 ] , many pertinent problems were formulated 2nd solved, e.g. [a] , [6] , [7] , [8] . Aside from the manipulation problems [4] , [9] , we can classify the problems into four categories adequately called: i) grasp stability analysis, ii) stable grasp synthesis, iii) grasp robustness analysis, and iv) robust grasp synthesis. These problems will be defined later more rigorously.
Meanwhile, any enveloping grasps encounter difficulties as the number of contact points increases, because the contact forces may not be determined uniquely even if joint torque and object wrench values we given. Such indeterminate contact forces in enveloping grasps were first pointed out by Bicchi [a] based on compliance contact model, and it was characterized as the preloaded forces. Later, using the rigid body model with frictional contact, Omata et al. [lo] demonstrated that indeterminate contact forces were induced by frictional forces. The statically indeterminate contact forces cause difficulties partly because they are arbitrary independent of the torque and the wrench. In addition, though they can be represented mathematically as the space of indeterminate forces can be easily identified, they still lack of a physical law governing their behaviors. That physical ambiguity contributing the difficulties can be eliminated using the recognition that the indeterminate contact forces are induced by i;he friction forces. Then Jonghoon Park is originally post doctoral a t Robotics Lab., and ARC, POSTECH, Korea. E-mail: coolcat@postech.ac.kr He visited Hiroshima Univ. funded by Japan So.5ety for the Promotion of Science (JSPS) (ID: P99429) various physical properties of tlne frictional forces can be utilized to analyze the indeterminate forces. For example, Omata et. al. [lo] tried to find the region of the indeterininate force parameter by using the constraints on the direction of all possible slidings at multiple contacts. The physical interpretation of the indeterminate forces puts a momentum for the work in this article.
In this paper, we first observe that the contact forces of an enveloping grasp can be decomposed using a coordinate system which is favorable in statical and geometrical properties. The method is somewhat orthodox, but provides very different insight on the contact force decomposition. The indeterminate contact forces are naturally parameterized using a set of indeterminate frictional forces. Using the contact force decomposition, we formulate the so-called enveloping grasp feasibility ineq,uality which is very useful in solving aforementioned analysis and synthesis problems even in the cases where the statical indeterminacy is involved. This paper focuses mainly on planar frictional enveloping grasps to avoid delicacy arising in general cases. However, the method itself can be generalized with a few modifications.
Statical Coordinate Transformation of Enveloping Grasp
Let us assume that we are given a K-limbs system and one polygonal object with a reference coordinate frame { r e f } and an object coordinate frame {obj}. In this paper, we confine our discussion within ( A l ) the planar enveloping grasp. Let us define (i) the contact configuration as the
the position of the i-th contact point with respect to object coordinate frame. Let us define (ii) the gmsp configuration
where n k denotes the degrees-of-freedom of k-th limb, m k the number of contact allocated to the k-th limb, c v k ( i ) is the index of joint which is closest proximal to the contact point the i-th contact point of the k-th limb, denoted by Cki, g k E V 1 k is the joint angle vector of the k-th limb, and xo E SE(3) is the configuration of the object with respect to reference coordinate frame. Using these two configurations one can specify every possible (quasi-static) grasping situation, aside from (iii) the contact modeling, (iv) the joint torque, and (v) the object wrench applied. From now on, let us confine our discussion wit,hin the point contact with friction.
Let us define the total degrees-of-freedom N = ck=l n k 
where r = (rT,rT,... , r z ) T E EN with 7 k E %?"l denoting the joint torque vector of the k-th limb, and f = (fy, f ; , . . . ,fs) E R2" with f k E R2ms denoting the contact force vector for the k-th limb. In the equation, the .Jacobian niatrix becomes block-diagonal matrix
The contact forces at various contact points induce an
where the grasp matrix G is of the form G = [G1 G 2 . . . G I ( ] E S@x2A'f for GI, E p ' i X 2 n z k . (3) is square which is equivalent to the condition (A2) Ad = N , the total contact force is decomposed into the one due to the joint torque and the other due to the frictional force as follows: we have the following lemma stating that the indeterminate contact forces are actually the frictional forces. Lemma 1: There exist a coordinate transformation for the contact forces such that the indeterminate forces are parameterized by an R-dimensional subvector of the friction forces. PROOF.Such a coordinate transformation is analytically obtained by
2.1
Then it is easy to show that the forces parameterized by 0 3 Formulation of Grasp Feasibility InPhysical contact forces should satisfy necessarily the following: i) the normal force at each contact point Cki should be squeezing; and ii) the contact force at C k z should lie within the friction cone, possibly including the boundary. At this point, let us define the stable grasp and the feasible one. For a given contact and grasp configuration C and 8, the grasp is said to be stable for a joint torque r with an object wrench W O if the contact forces f induced by the joint torque r and the object wrench W O satisfy the above ( E E RR belongs to Ker { J T } and Ker {G}.
equality two conditions. Furthermore, a grasp is said to be feasible for either T and W O , if there exists at least one W O and 7 , respectively, which results in a stable grasp for a given contact and grasp configurations. Note that the feasibility should be referenced by either a joint torque or an object wrench, not both, whereas the stability is defined for a pair of torque and wrench.
It is clear that the point-wise geometrical decomposition of the contact forces, that is to find f k,it E !R3(') and f E e3(') denoting the tangential an.3 normal contact forces at Cki, is necessary to check the feasibility as well as the stability, because the friction cone constraint is given by where p k z is the frictional coefficient at c k z .
We also assumed that (A3) m k = n k for all k = 1 , 2 , . . . , K and a k ( i ) = i for i = 1 , 2 , . . . , m k . These assumptions amount to the conditicm that there is one contact for every link of the limbs, and no contact with base limb. In addition, (A4) the limb-tils contact with the object is not allowed. One such example is given by Fig. 4. 
Geometrical decomposition of contact force
The proposed statical decomposition of the total contact force (4) has the following geometrical decomposition property.
Theorem 1: Given a grasp and contact configuration E and C, then the contact force at each contact C k , can be decomposed as which is called the base-ward accumulation property. Fiirthermore, each contact force is geometrically decomposed by f k z = f k l t + f k z n r denoting the tangential force and normal force at the i-th contact point of the k-th limb by f kzt E R2 and f kzn E R2 respectively, where 
where 24jk E 32' and 24& E R1 is called the influence function. Furthermore, each column vectors of in& corresponds to the tangential direction] and 'II;, to the normal direction at the contact C h i . U
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The theorem establishes that the coordinate axes consisting of { 'TIS,} are the geometrical one corresponding to the tangential and normal coordinate axes at each contact Ckz. Note that these two coordinate axes are sufficient for expressing the other coordinate axes due to joint torques and frictional forces of the upper contact points. Fortunately, the base-ward normal accumulation property states that they affects only along the normal direction at the contact Cki.
To grasp the meaning of the above theorem, consider a three degrees-of-freedom planar planar k-th finger; shown in Fig. 2 . For the current configuration, the numerical values of I I T k and n<k are equal to I I T l and l l , , given in Appendix B.
Grasp feasibility inequality
Using the geometrically decomposed contact force (10) and (11) we can formulate the grasp feasibility inequality using the friction constraint (9). By choosing the coordinate system the normal force constraint corresponds to 3=r+L 3=2+1
Then the friction cone constraint reduces to which is called the decomposed friction constraint. Noting that the above two inequalities are of linear inequality form, they can be simplified to the following linear inequality S ( 4 , PIE I N P ) R ( 4 1 P I 7
(15)
where S, A, R are all diagonal matrices. Substituting the frictional force decomposition due to the balance-out equation (7) Ax 5 b coristitutes a convex polyhedron, whose vertices can be found, e.g. using the algorithms summarized in Appendix A. The inequality is called the enveloping grasp feasibility inequality. Note that all the coefficient matrices in the inequality depend only on the kinematic variables, q, p, except A which depends only on the friction coefficients.
Geometrical interpretation
The proposed grasp feasibility inequality handles the frictional force space directly, instead of the contact force space which is dealt with by conventional grasp stability analysis. The meaning of grasp feasibility inequality can be explained as follows: the inequality consists of the decomposed friction cone and the balance-out property. First, note that the decomposed friction cone induces a convex friction polyhedron in the frictional force space of E for a given joint torque r, as shown in Fig. 3 . The figure also shows that the bahnce-out property generates a hyperplane in the frictional force sJace, parameterized by the indeterminate frictional Eorce 6, for a given object wrench (and joint torque). Then if the convex friction polyhedron and the hyper-plane have some intersection, then the current grasp is stable even if there exists indeterminate forces. Otherwise, we can say that the grasp is unstable. Note that in case of determinate gra.sp, the hyper-plane reduces B single point. Therefore, the stability can be checked by considering whether the point belongs to the friction polyhedron or not. For each problem definition, physical meaning is also clear.
Indeterminate grasp
All these problems look quite different from the conventional viewpoint of analysis/synthesis. However, we will show that all these problems share many aspects, once considered using the grasp feasibility inequality. As a matter of fact, all the grasp analysis/synthesis problems can be reformulated using the grasp feasibility inequality as follows. The region is shown in Fig. 5 .
Stable grasp synthesis
In the previous example, the object wrench of W O = (lON, 10N, O N V L )~ does not yield stable grasp with the given joint torque. Then we want to compute the region of feasible joint torque with the object wrench, i.e. stable grasp synthesis. Similarly as in the previous example, we have to deal with very high-dimensional convex region. Fig. 6. ( 7 1 1 , 7 2 1 ) ccrinporient, of feasible joint torque By projecting the resulting convex polyhedron to two coordinates ( 7 j 1 , (~2 1 )~ we have Fig. 6 The figure clearly shows that the torque pair ( 7 1 1 , 5 9 1 ) = (8, -8 ) ( N m ) does not belong to the region.
Grasp robustness analysis
In the first example, we found out that the joints of 7 1 = ( 8 , 4 , 2 ) T ( N ,~n ) and 7 2 = (-8, -5)'(Nm) yield stable grasp for the object wrench of W O = (-ION, -ION, ONm) '. Now we wa,rit to see how large the stability can be retained for the joint torque. Solving the grasp robustness anidysis inequality, we can obtain convex polyhedron in 5-dimensional space of (wr, 6 ) T ) which is difficult to visualize. Noting that projection of the higherdimensional convex polyhedron to some coordinates yields also convex polyhedron, we show the region of fo only in Fig. 7 . Notice that; the object force (-lo> -lO) 
Conclusion
A coordinate transformation for the contact force in enveloping grasp was proposed which includes the joint torque, the iridetcrminate frictional force, and the object wrench. Using the coordinate transformation, the grasp feasibility inequality was formulated, and it was demonstrated that enveloping grasp can be completely analyzed and/or synthesized by solving the inequality. Basic idea was also verified using numerical simulations employing a planar indeterminate enveloping grasp.
'This example demonstratcs one limitation of representing a higher dimensional polyhedron using a smaller dimensional projected one, in the sense that the projected polyhedron may include some points which are not inside tlie original higher dimensional one. For example, consider the cxample of two dimensional convex polyhedron consisting of line segment of 1/ = x for 0 <_ z <_ 1. By analyzing the convex polyhedron using the two projected polyhedron into each coordinate, one can imagine that the higher-dimensional one may be square, which is not correct. For example, the point (0.6;0.5) is not included in the original polyhedron, but the projected polyhedrons seem to inclridc that point. In this example, the object wrench WO = (10,10,0)" is not. feasible for the joint torque, but it seems that the projected polyhedron includes this infeasible wrench. Therefore, graphical illustration of a higher-dimensional polyhedron using projected one needs care. 
where x E En is arbitrary in the sense that its elements can take positive or negative value, it is well-known that the set of solutions 2 forms convex polyhedral set in W.
To obtain those vertices of the convex polyhedron, first the following linear transformation is introduced 2 = 2 1 -2 2 , x1, 2 2 2 0 .
Note that the variables x1 and 2 2 now become only positive values. Then the original linear inequality system changes to
To relegate the inequalities, slack variables 2 3 2 0 is introduced, so that
Then the original inequality system (20) changes to the undetermined linear equality system (21). Hence without loss of generalities, we can consider the following linear system
Upon these settings, we provide the following lemma which proves very useful in achieving the set of extreme points, or vertices. Conf. on Robotics and Automation, 1996 , pp. 1787 -1794 . tion, 1993 , pp. 196-201. tion, 1998 , pp. 2409 -2415 . 
